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Introduction. In 1991, Matsumoto considered the necessary and sufficient 

conditions for a Kropina space to be of constant curvature and obtained 

Theorem M([3], [4]) An n- dimensional Kropina space is of constant curva- 

ture K , if and only if, putting = {b^j + bj-i)/2 and sy = (bi-j — bj ;i )/2, we have 

(1) r i3 = Mb 2 a ij; 

(2) Ui = Ui + Mbi is a gradient vector field, 

(3) Wij = SijS r j is written in the form 



w 



biWj + bjWi + (R- 2M 2 b 2 )b i b j - b 2 UiUj - AKaij , 



(4) s ij-,k is written in the form 

Sij; k = A^idiklWj + {R- M 2 b 2 )bA + biU jk }, 

where the symbol Aaj) denotes interchanges of indices i and j and subtraction, 

(5) the curvature tensor Rujk of the associated Riemannian space has the form 

a Rhikj = A(kj){RahkO>ij — 0>hkUij — OijUhk}, 

where we put M = a l ^rij/nb 2 , Ui = b r s r i/b 2 , Uij = Ui-j + UiUj, Wi = u r s r i, W% = 
Wi + Mb 2 Ui and R = AK/b 2 + U r U r . 

In [7] , we characterized a Kropina space by some Riemannian space (M, h) and a 
vector field W of constant length 1 on it, and rewrite Theorem M using h and W. But, 
a few years after we noticed that we should replace (3) in Theorem M with the condition 



w 



hwj + b jWi + (R- 2M 2 b 2 )b i b J - b 2 UiUj - AK aij + Mb l {Uibj + Ufa 



which is equivalent to the equality in Lemma 2 of [3]. Then, it follows that the condition 
4 of Theorem 2 in [7] should be omitted. Therefore, we consider the same problem in 
another way. 

In this paper, we rewrite the condition for a Kropina space to be of constant curvature 
with a Riemannian metric h and a vector filed W and obtain the necessary and sufficient 
conditions for a Kropina space to be of constant curvature. 

In the first section, we will show again that a Kropina space is characterized by some 
Riemannian metric h and a vector field W of constant length 1 on it, and in the second 
section, we will rewrite the coefficients of the geodesic spray in a Kropina space by the 
Riemannian metric h and the vector field W. 

In Finsler geometry, the necessary and sufficient condition for a Kropina space to be 
of scalar curvature is well-known ([2]). We rewrite the condition by h and W, and using 
the relation of h and W we obtain the necessary and sufficient conditions for a Kropina 
space to be of constant curvature by straightforward calculations. Our main result is 
Theorem 4. This Theorem 4 is the corrected version of Theorem 2 in [7]. Therefore, this 
paper is the corrected version of [7]. 
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1 The characterization of a Kropina metric. 



Let (M, a) be an n(> 2)-dimensional differential manifold endowed with a Riemannian 
metric a. A Kropina space (M, a 2 / (3) is a Finsler space whose fundamental function is 



given by F = or j /3, where a = y a i j(x)y l y : > and f3 = bi(x)y l . Even though Kropina spaces 
can be studied in more general case ([4]), in this paper, we suppose that the matrix {a i3 ) 
is positive definite. 

Let us remark that for a Kropina space (M, a 2 //3) the Kropina metric F = a 2 / (5 can 
be rewrited as follows: 

F 2 F + 4 ~ 4 ' 

where b 2 = a tj bib 3 and (a^) = (a^) -1 . Let k(x) be a function of (x l ) alone. Multiplying 
the above equation by e K<yX \ we have 



(1.1) e^a l3 y - y j - e^a i3 V -V + \e^a %3 VV = ^ 



Defining a new Riemannian metric h = \Jh i j(x)y i y : > and a vector field W = W t (d/dx l ) 
on M by 

(1.2) hij = e K{x) a i3 and 2W { = e K{x) b u 

where Wi = hijW^ , the equation (1.1) reduces to 





= \w\ 







In the above equation, the symbol | • | denotes the length of a vector with respect to the 
Riemannian metric h. 

We notice that the equation \W\ — 1 holds if and only if the function k(x) satisfies 
the condition 

(1.3) e K{x) b 2 = 4. 

Suppose that the function k(x) satisfies (1.3), then we have \W\ = 1 and 



(1.4) 



F 



= 1. 



Therefore, in each tangent space T X M, the indicatrix of the Kropina metric necessarily 
goes through the origin. 



Conversely, consider a Riemannian space (M,h), where h = \jhi 3 {x)y % yi , and a unit 
vector field W = W l (d/dx l ) on it. Then, we consider the metric F characterized by (1.4). 
Solving for F from (1.4), we get 



{V2h(y,W)} 2 ' 



Comparing the above equality with a Kropina metric F = a 2 / (3, we obtain (1.2) and 
from the assumption \W\ = 1 we get (1.3). 

Summarizing the above discussion, we obtain 
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Theoreml Let (M,a) be an n(> 2) -dimensional Riemannian space with 

a Riemannian metric a = ^ aij(x)y l yi . For a Kropina space (M, F = a 2 /(5), where 

f3 = bi(x)y l , we define a new Riemannian metric h = hij(x)y l yi and a vector field 
W = W l (d/dx l ) of constant length 1 by (1.2) and (1.3). Then, the Kropina metric F 
satisfies the equation (1-4) ■ 

Conversely, suppose that h = y / h i j(x)y l y^ is a Riemannian metric and W = W^d/dx 1 ) 
is a vector field of constant length 1 on (M,h). Consider the metric F defined by (1-4)- 
Then, defining aij(x) := e~ K( - x ^hij(x) andbi(x) := 2e~ K ^Wi by (1.2) using some function 
k(x) of (x % ) alone, we get F = a 2 / ' (3 and it follows the function k(x) satisfies (1.3). 



2 The coefficients of the geodesic spray in a Kropina 
space. 

From the theory of Riemannian spaces, we have the following theorem: 



Theorem A([6]) Let (M,g) and (M,g* = e p g), where g = ^gij{x)y i y^ and 



g* = \J g*j{x)y % yi respectively, be two n-dimensional Riemannian spaces which are comfor- 

mal each other. Furthermore, let 7 / fc and 7" be the coefficients of Levi-Civita connection 
of (M,g) and (M, #*), respectively. Then, we have 

9*j = e 2p g l3) g* ij = e' 2 ^, 1 *\ = 7 / fc + Pj S\ + p k 5^ - p*g jk) 

where pi = dpjdx 1 and p % = g 13 pj. 

From (1.2), we have h,^ = e K aij. Applying Theorem A , we get 

(2.1) V* = V* + + - ^a jk , 

where h/ y/ k and a 7/ fc are the coefficients of Levi-Civita connection of (M, h) and (M, a) 
respectively, Ki = dn/dx % and k 1 = a tj K,j. Transvecting (2.1) by y j y k , we get 

(2.2) Vo = Vo + "oV* - 
where 7? = h^Kj. 

We denote the covariant derivative in the Riemannian space (M, a) by and put 
as follows: 

Sij .= - , Tij .= - , Sj .= Sij, Tj .= Tij. 

In [1] , the authors have shown that the coefficients G l of the geodesic spray in a Finsler 
space (M, F = ct<j>(/3/ct)) are given by 

(2.3) 2G l = Q V + 2uas\ + 20(r oo - 2aujs ) ( V - + - - tf) , 

\a uj — suj' J 

where 

uj — suj' 



uj:= , - ,. , 9: = 



<p-s<p n ' ' 2{1 + suj + (b 2 - s 2 )uj'Y 
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For a Kropina space, we have 0(s) = 1/s, hence we obtain 

y s 2 2s' 2s 2 



and 



-. = ~7T, r 00 -2aus = r 00 + Fs , 1 + su + (b - s )u' = — , = 
u — sou' 2s 2s 2 b 2 

Substituting the above equalities in (2.3) and using (2.2), we get 

2G" = Vo- «ol/* + ^hootf-Fs'o - ^(r 00 + Fso^y' - &'). 
From Theorem 1, for a Kropina space (M,a 2 /f3), a new Riemannian metric h 



hij{x)y t y^ and a vector field W = W l (d/ dx 1 ) are defined by (1.2) and (1.3). So, the 
vector field W satisfies the condition \W\ = 1 and we have F = h 00 /2W . 
Therefore, we get 

(2.4) 2G l = Vo + 2< 
where 

(2.5) 2* := - W + - £/o ~ ±<n» + ^)(^" - 6'). 
Using (2.1), we have 

6 iy - = 2e- K W / " i || i + e- K (KiWj - K ] W i - WXh^, 

where the notation (||j) stands for the /i-covariant derivative in the Riemannian space 
(M,h). 

Remark 1 We can introduce a Finsler connection T* = ( h/ ~fj 1 k (x),Nj l := 

h ^j l k (x)y k ,C/ k ) associated with the linear connection h lj\(x) of the Riemannian space 
(M,h). The h-covariant derivative are defined as follows ([2]): 

For a vector field W l {x) on M, 

dW i dW i 
Wlb dxj dyS iy J + 7j s w 

uvv h 
Q x j + l3s W ■ 



For a reference vector y l , 



2 ' lb' = aZi--^! N 3 + li S V 



dxi dy s 
0. 



-iV/ + iV/ 
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We put 

._ + Wj\\i Wj\\j - Wj\\i , i , _ i 

Rj W^ r R r j, Sj i— W^ r S r j, R* '.— /i ir R r , S* '.— h tr S r . 

It follows 

Furthermore, we get 

s*j = 2S^ + «Wj - /Cj-W*, s* = 2^0 + W «* - 
Si = 2e~ K (2Si + WXWi - , s = 2e~ K (^2S + W r T?W - k ) , 

r„ = 2e- (fc. - 1^) * = a% = = 2W>. 

Substituting the above equality in (2.5), we have 

(2.6) 2$ l = ^(SqW* - S* ) + (Roo^ - 2S ^) - 

VVq IIqo 

Multiplying now the above equality by 2h 00 W , we get 

4h 00 W & = 2(h 00 ) 2 (S W l - S* ) + 2/ioo^o(RooW - 2S ^) - 4(^ ) 2 R ool/ l 
and by putting 

:=2(S ^-S l o), A l (2) :=2(R 00 ^-2S ^), A| 3) := -4R 00 y\ 

it follows 

(2.7) = (M^i) + ^00^0^(2) + (W ) 2 A\ 3) . 

3 The necessary and sufficient conditions for a Kropina 
space to be of constant curvature. 

In this section, we consider a Kropina space (M,F = a 2 / (5) of constant curvatue K, 



where a = y a i j(x)y l y : > and (3 = bi(x)y\ Furthermore, we suppose that the matrix (ay) 
is always positive definite and that the dimension n is more than or equal two. Hence, it 
follows that a 2 is not divisible by (5. This is an important relation and is equivalent to 
that h 00 is n °t divisible by W . Using these, we will obtain the necessary and sufficient 
conditions for a Kropina space to be of constant curvature. 

3.1 The curvature tensor of a Kropina space. 

Let R/ kl be the /i-curvature tensor of Cartan connection in Finsler space. The 
Berwald's spray curvature tensor is 

(3-1) {b) R/ kl = Am{^ + G/ k GA}. 
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It is well-known that the equality Rq\i Ro\i holds good ([2]). 
From 2G l = Sc/o + it follows 

g*,- = and G A = V* + *;Y 

Substituting the above equalities in (3.1), we get 
The following Proposition is well-known ([2]): 

Proposition 1 TTie necessary and sufficient condition for a Finsler space 

(M, F) to be of scalar curvature K is that the equality 

(3.2) R i ol = KF\S i l -l i l l ), 
where l l = y l / F and l t = dF/dy l , holds. 

If the equality (3.2) holds good and K is constant, then the Finsler space is called of 
constant curvature K. 

For a Kropina space of constant curvatue K, the equality (3.2) holds and K is constant. 
Since F = a 2 / (5 is written as F = h 00 /(2W ), we have 

^ ^ 2W h 0l -h 00 Wi 

d i- I l t = d i — — y . 

h 00 W 

Using the curvature we obtained above, we have 

Rooi = h Rooi + - ^,1,0 + 2$»V, - 

Substituting the above equalities in (3.2), we get 

(3.3) XF 2 fo - 2Wok ° l ~J mWl y^] = h Ro 0l + 2$*||, - V m + - S^V 

3.2 Rewriting the equation (3.3) using /iqo and Wq. 

(l)The calculations for <& l \\i. 

First, applying the /i-covariant derivative m to (2.7), it follows 



4h 00 (W ) 2 & 

\2tI7 Ai (U Ai \\t , u (\XT ^2 Ai 



4hooW \\i& + 4h 00 W ¥ 
= (h m ) 2 A\ 1)w + h m W Q A\ 2) ^ + h m W m A\ 2) + (Wo) 2 Al 3)]]l + 2W W \\iA\ 3) 

and using again (2.7), we get 

) 2 $<| 

= (/ioo) 2 W A; i)|K - (/ioo) 2 ^(i)W ||/ + M^o) 2 ^),,, 

HW ) 3 A\ 3)lli + (W ) 2 A\ 3) W olll . 

Putting now 

B hi = A h\\v B lm = ~ A h W m^ B\ 22)l = A\ 2)]]l , B\ 3)l = A\ 3)]]l , B l (4)l = A\ 3) W \\i, 
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we have 



(3.4) 4/ i00 (^ ) 2 $ i |K = (/*oo + (/ioo) 2 ^!)/ 

(22)i t- y^o) ^>(3)i t yyyoj ^>(4)i- 



+h m (W Q ) 2 B\ 22)l + {W Q ) 3 B\ 3)l + (W ) 2 B\ 



(2)The calculations for <3>V 
Secondly, derivating (2.7) by y\ we get 

= (/l o) 2 ^(l)-i + ^00^0^(2).Z + M^o^i) + Wi^( 2) ) 

+ (^o) 2 ^( 3 )-/ + 2WVW^ (3) + /iojA{ 2) ), 

where the notation (.;) stands for the derivation by y l . 
Using the above equality and (2.7), we obtain 

(3.5) A{h m )\W G )H\ 

= (h 00 ) 3 w q 0)l + (M 3 qn)z + (^oo) 2 (^ ) 2 q 12) , 

+(h 00 ) 2 W Cl 21)l + h m {W Q fC\ 22)l + h m {W ) 2 C\ 3)l + {W Q fC\ A)l 

where 







°(12)/ 


— 4* 


U (22)l 


: = ^(3)-i = 


rii 

^(4)i • 


= -24q /H 



2(S,W» - S l 0, q n)J := -A» (1) W, = -2(S W l - S»„)Wi, 
4(R ^ - - S ^), q 21) , := 2A\ x) h Ql = 4(S ^ - S^/km, 
-4(2R ,y < + Roo5 l z), Cfo, := W t A\ 3) = -4R 00 WV, 
u = 8R 00 h iy\ 

(3)The calculations for $^i|o- 

Applying the /i-covariant derivaive || to (3.5), we get 

8(M 2 WWo||o<^ + 4(/ i0 o) 2 (^ ) 2 <^||o 
= (^oo) 3 ^ / oC(o)z||o + (^oo) 3 (W / o||oqo)« + C(ii)i||o) 

+ (^Oo) 2 (W / o) 2 C(l2)?||0 + (^Oo) 2 W / o(2W / o|| qi2)/ + C(21)Z||o) 

+ (/lO0) 2 W / O||0C(21)Z + ^0o(Wo) 3 C(22)J||0 + h o(W ) 2 (3W | |oC(22)i + C(3)i||o) 

+2h 00 w w 0l ]0 q 3)l + (Wb) 3 q 4) ,|| + 3(lU ) 2 ^o||oq 4)i . 

Using the above equality and (3.5), we obtain 

(3.6) 4(h 00 ) 2 (W ) 3 & m 

= {hwYiWofDl^ + (h ofW D\ 21)l + (h o) 3 D\ 31)l 

+(h 00 ) 2 (W ) 3 D\ 22)l + (h 00 ) 2 (W ) 2 D\ 32)l + {h m ) 2 W,D\ Al)l 
+h m {W Q fD\ 33)l + h m {W Q ) 3 D\ A2)l + (W )*D\ 5)l + (W ) 3 D\ 6)l , 



where 












- qvno' 


^(21)J - 


: qn)/||o ~~ ^o||oC(o)j> 


-^i)* = _ 2W ||oqn)i, 


U {22)1 


/nri 

— °(12)Z||0' 


^{32)1 


— ni n* — 

— °(21)i||0' ^(41)i _ 


-W |oC(21)J) 


^{33)1 


= C(22)Z||0' 


U {A2)l 


= W ||oC(22)i + C(3)Z||0i 





(4)The calculations for $ r /$* 
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Using (3.5), we have 

(3.7) 16(/i 00 ) 4 (^o) 4< r^V 

= (h 00 ) 6 (W ) 2 El 01)l + (h 00 ) 6 W El u)l + (h m fE\ 21)l + {h Q0 f{W fE\ 12)l 

+ {hmf{W Q ) 2 E\ 22)l + {h m fW,E\ 31)l + {h m )\W Q ) A E\ 23)l + {h m )\W a f E\ 32)l 
+ {hm)\W Q fE\ Al)l + {h m f{W,fE\ 33)l + {h m f{W Q ) A E\ A2)l + {h m f {W Q f E\ bl)l 
+{h m ) 2 {W G fE\, 3)l + (MWo) 5 ^ + (h 00 ) 2 (W ) 4 El 61)l + h m {W,fE\ Q2)l 
+h m {W Q fE\ 7)l + (W ) 6 E\ 8)l , 



where 



TP 1 

^(0)1 
rpi 

^(12)1 
rpi 

^{22)1 

E(32)l 

E(42)l 

E (51)l 

E(52)l 

E (61)l 
rpi 

*(7)l 



fii fir rpi fii fir , fii fir rpi fii fir 

°(0)r°(0)«> ^(H); - — U (ll)r U (0)2 + °(0)r U (ll)«) ^(21)/ •— U (ll)r U (ll)Z > 

/nrr _j_ fii fir 
°(0)r°(12)/ "+" L/ (12)r°(0)/' 

fii fir I /^yi /nrr . fii fir i /^i fir 

(12)r U (ll)2 + U (ll)r U (12)2 + U (21)r°(0)/ + °(0)r°(21)^ 

>^fr I fii fir rpi fii fir , fii fir , fii fir 

°(21)r L/ (ll)« "+" L/ (ll)r°(21)i5 ^(23)* - — L/ (12)r L/ (12)/ + L/ (22)r°(0)/ + L/ (0)r L/ (22)Z ) 

fir I ^r . fii fir . /n»i . /n</ , /n»i fir 

°(21)r°(12)i + U (12)r°(21)( + °(3)r O (0)* + °(22)r U (ll)« + L/ (ll)r°(22)« + °(0)r°(3)i 

/n>i /nrr _j_ /nri /nrr i /n>i /nrr rpi fii fir , fii fir 

°(3)r (ll)* "+" U (ll)r°(3)* ~+~ °(21)r°(21)J> ^(33)2 - — Ly (22)r Ly (12)/ "+" °(12)r °(22)Z > 

fii fir I fii fir < fii fir < fii fir < fii fir < fii fir 
b (4)r°(0); + °(3)r°(12); + °(22)r°(21)Z + °(21)r°(22)Z + °(12)r (3)J + °(0)r b (4)|! 

/n»i ^r I /n<7 fir I /n»z , /n»z /n»r r-iz /n»i fir 

(3)^ (21)2 "+" U (21)r°(3)( + °(4)r°(ll)Z "+" U (lljr (4)i > ^(43)* - — ° (22)r° (22)2 > 

/n»i /n»r I fii fir I /n»i . fii fir 

< - y (4)r°(12)i + U (12)r°(4)i + (3)r (22)« + °(22)r Ly (3)« > 

^-<i /^yr I /^ra' /nrr _j_ /nri /^rr 77ri fii fir i /^i /nrr 

L/ (3)r°(3)i (4)r (21)i + ° (21)r (4)2 > ^(62)^ L/ (4)r°(22)i "+" °(22)r L/ (4)i ? 

y^fz I fii fir rpi fii fir 

°(4)r U (3)« ' U (3)r U (4)«> ^(8)2 -~ °(4)r°(4)i- 



(5)The calculations for $ r $ r V 
Derivating (3.5) by y r , we get 

16/iQo V(W ) 2 $ l , + 8(/ io o) 2 W W r $^ + 4(/ i00 ) 2 (W ) 2 $ r l , 

= 6(/i o) 2 /ior^ q 0) , + (/i o) 3 ^q )* + (^o) 3 ^ q 0) ,. r 

+6(/ioo) 2 ^Orqn)i + (^Oo) 3 C(ll)i-r 

+4h 00 h 0r (W ) 2 Cl l2)l + 2(h 00 ) 2 W W r Cl l2)l + (MWo^qVr 
+4h 00 h 0r W Cl 21)l + (h 00 ) 2 W r Cl 21)l + (h 00 ) 2 W Cl 21)l . r 

+2h 0r (w ) 3 q 22)l + 3hoo(w ) 2 w r q 22)l + h m {w Q fc\ 22)l . r 
+2h 0r (w ) 2 q 3)l + 2h 00 w w r q 3)l + h 00 (w ) 2 q 3)l . r 
+3(w ) 2 w r q 4)l + (Wb) s q 4)I . r . 

Using the above equality, (3.5) and q o ^. r = 0, we have 



r I 

4; 



where 



4(/ioo) 3 (^o) 3< f 

(h o) 4 W H{ 01)rl + {h m YH\ 11)rl + (M 3 (^o) 3 #( 2)w + (/ i oo) 3 (^o) 2 ^( 12) w 
+ (/ i00 ) 3 lU ^ 21)ri + (h 00 ) 2 (W ) 4 Hl 13)rl + (h 00 ) 2 (W ) 3 Hl 22)rl 
+h 00 (W ) 4 Hl 3)rl + h m {W Q fH\ 4)rl + (W ) 4 Hl 5)rh 



H\m)rl — qil)l-r - W r C( Q y, i?(n) r ; — — 2W J .C( 11 ) Z , i?( 02 )r« ~ q^J.D 
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H\l2)rl — 2^0rC(0)i + C(21)J-rj #(21)W = _ ^C(21)I + 2^0rC(ll)J) 

H(13)rl — C(22)l-r, #(22)ri = ^C(22)Z + C(3)Jt, ^(3)W = C(4)J-r — 2h 0r C( 2 2)h 

H(4)rl — ^rC(4)l — 2/l r-C(3)Z, #(5)ri = — 4/l rC(4)i- 

Using the above equality and (2.7), we get 
(3.8)16(M 4 (^o) 4 $ r <^ 

= (M 6 WVa lV + (/»oo) 6 4i), + (MWo) 3 ^ + (^oo) 5 (^o) 2 ^ 22)i 

+ (M 5 ^o4i V + (/ioo) 4 (W ) 4 4 3)z + (/ioo) 4 (W ) 3 4 2)i + (/ioo) 4 (^o) 2 4 1) , 

+ (^Oo) 3 (^o) 5 J ( l 3 3) , + (/ i0 0) 3 (W ) 4 4 2)i + (WW^i), + (M 2 (^0)% 3); 

+ (^oo) 2 (^ ) 5 J ( J 52) , + (/ioo) 2 (Wo) 4 4 1)i + M^o) 6 ^), + /ioo(W ) 5 4 1)z + (Wb) 6 ^),, 

where 

J (ll)l — A (l) H (Ql)rh J (21)l — A (l) H (ll)rh J (12)1 = A (l) H (02)rh 

P - A r W A- A r W P - A r Pf { -4- A r Pf i 

J (22)l — /1 (l)-"(12)r« + /1 (2)- H (01)r«5 J (31)1 ~ /i (l) U (21)rl + A (2) n (11)W ' 

4s)2 = ^(l)"^(13)W + ^(2)-^ (02)W) J(32)l = ^(1)-^(22)W + ^(2)-^(12)W + ^(3) -^(Ol)W > 

4l)i = ^(2)"^ (21)W + AT (3)H(ll)rh J(33)l = ^(2)-^(13)W + ^(3)#(02)W> 
P — 4 r W j- A r PP 1 -4- A r Pf i 

J (A2)l — A (l) U (3)rl + /i (2) U (22)rl + /i (3) jf3 (12)W 

P — 4 r 77* -l- 4 r P — A r Pf i 

J (51)l — A (l) U (A)rl + /i (3) U (21)rU J (43)i ~ /i (3) jf3 (13)W 

^(52)' = ^(2)-^(3)W + ^(3)^(22)W) 4 1 )' = ^(2)^(4)W + A \l)H(^) r h 

J (62)l — /i (3) U (3)rh J (7)l ~ /i (2) n (5)rl + A (3) n (4)rli J (8)1 ~ /i (3)- H (5)ri- 

(6) The main relation. 

Multiplying (3.3) by 16(/ioo) 4 (W ) 4 and using F 2 = (h 00 ) 2 /{4(W ) 2 }, we have the 
equality 

4K(M 6 (^o) 2 /^ = 16(M 4 (^o) 4 • h Rooi + 8(h 00 f(W ) 2 • 4/i 00 (Wo) 2 ^||/ 
-4(/i 00 ) 2 Wo • 4(/ i0 o) 2 (^ ) 3 ^||o + 2 • 16(/ i00 ) 4 (W ) 4 <f r <£ r *, - 16(/ ioo ) 4 (^o) 4< f r *$V 

Substituting (3.4), (3.5), (3.6), (3.7) and (3.8) in the above equality, we get 

AK{h m )\W ) 2 5\ - 8K(h 00 ) 5 (W ) 2 h iy* + AK{h m fW W iy l 
-(M 6 (^o) 2 £ ( V + (h 00 fW (2J{ n)l - E[ n)l ) 

+ {h m f{2J\ 2l)l - E\ 21)l ) + (/ i00 ) 5 (^ ) 3 (8^ 1)i - 4£>j 1}l + 2J{ 12)1 - E\ 12)l ) 

+ (/i00) 5 (W / 0) 2 (-4-D( 2 i); + 8S( 21)J + 2J (22) , - -E( 22)i ) 

+ (M 5 ^o(24 1)i -4 J Dj 31)i -^ 31)i ) 

+ (^00) 4 (W / 0) 4 (16 /l -R l 0Z + 8^(22)/ - 4 -°(22)« + 2 43)/ _ E% (23)l) 

+ {hm)\W Q )\2Jl m - AD\ m - E\ Z2)l ) + {h m )\W ) 2 {2J[ A1)l - Efo - 4D| 41)I ) 

+ (/ioo) 3 (W / o) 5 (8 J B( 3) ^ - 4D( 33) ^ + 2J (33)i - S( 33)i ) 

+ (/^oo) 3 (^o) 4 (24 2)i + 8B\ 4)l - AD\ 42)l - E\ i2)l ) 

+ (/^oo) 3 (^o) 3 (24 1)i - Ef 51)I ) + (MWo) 6 (24 3)i - E\ 43)l ) 

+ (hoo) 2 (W ) 5 (2Ji 52)l - AD\ 5)l - E\ b2)l ) + (/ i00 ) 2 (^ ) 4 (2^ 61)i - AD\ 6)l - E\ 6l)l ) 

+h 00 {W )\2Jl m)l - E\ m)l ) + h m {W,f{2Jl 71)l - E\ 7)l ) + {W f{2Jl &)l - E\ s)l ). 
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Taking into account the equalities J( 2 i)i = anc ^ -^(21); = 0> we have 

(3-9) (h 00 ) 4 P( 5)l + (&oo) 2 Q(9), + (^o)%), = 0, 

where 

*?5), = (^oo) 2 ^o(-^ - 

+(/ioo) 2 (2J ( \ 1)z - 4 1)f - IKWrf) 
+h 00 (W )\8Bl 1)l - AD\ 1}1 + 2J\ l2)l - E\ 12)l ) 

+h m Wv{-AD\ 21)l + 8B\ 21)l + 2Jf 22)z - Ef^j + SKhow') 
+ (W f(16 h R \ l + 85* - 4£>U + 2J* 23) , - 



(22)i ^-^(22)2 z " 7 (23)i -^(23)?/ 

+ (W / o) 2 (2J( 32)/ - 4:D[ 32)l - E\ 32)l ), 



+ (/ ioo ) 2 ^o(2J ( >-^ 41)i -4 J Dj 41) ,) 

+ /l o(W / o) 4 (8 J B(3) i - 4.0(33); + 2 ^(33)/ ~ -^(33)«) 

+/ioo(M / o) 3 (2J( 42) , + 85( 4 ), - AD\ i2)l - E\ 42)l ) 

+h 00 (W )\2Jl 51)l - E\ bl)l ) 
+(W ) 5 (2J( 43)l - & m ) 

+ {W,)\2.r mi -ADl b)l -El b2)l ) 

+(Wo) 3 (2j( 61)l - 4D\ 6)l - E^) 

R(9)i = ^OoW / o(2J( 62)/ - £'(62)j) 

+ /i o(2J( 7 )z - -E( 7 )z) 

+w (24),-4)j. 

We call -P(5)j, Q(9)j an d ^(9)j ^ ne curvature part, the vanishing part and the Killing part, 
respectively. 

Proposition 2 TTie necessary and sufficient condition for a Kropina space 

(M,F = a 2 / (3 = hoo/2Wo) to be of constant curvature K is that (3.9) holds good. 

3.3 The Killing part. 

We consider the Killing part and obtain the conclusion that the vector field W is 
Killing. 

First, we have 

J{<o2)i = ~ 64Roo(2Roo/k>; + ^ooRo;)^ — 32(R o) 2 /ioo^, 

E (62)i = -64Roo/iooW - 128(R 00 ) 2 W, 

J\ 7)l = -32R 00 {(3RooW / "o-4So/ioo)^ + ^ooRooW / "/}l/ i , 

E\ 7)l = -32(R 00 ) 2 (/*ooW + W^o;2/ 1 ), 

2^(8); — -^(8); = i 92(R o) 2 ^oo^o;l/*- 
Using the above equalities, we get 

R\ 9)l = -32/ io oRoo(^W / "o(2Roo/ioo^i + 2/iooW + 7RooW) - 8S /iooW + Roo^ooW) • 
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Substituting the above equality in (3.9) and dividing it by W h 00 , we get 

(3.10) (h 00 ) 3 P{ 5)l + h 00 Q\ 9)l 

-32(W ) 4 R o (Wo(2R 00 /ioo(J i i + 2h 00 R iy i + 7R oW) 

SSohoohoty* + Roo^ooWV) = 0. 

Lemma 1 In the equation (3.10), it follows that Rq is divisible by h 00 . 

(Proof.) Suppose that Roo is not divisible by h Q0 and since (hij) is positive 

definite, (Poo) 2 is n °t divisible by hoo. 

Taking into account that P^ and Q\^ t are homogeneous polynomials of y l and that 
(Wo) 2 is not divisible by h 00 , it follows that the equation 

hoiy 1 = h 00 rfi, 

where r)i l (x) is a function of (x l ) alone, holds good. Transvecting the above equation by 
W l , we get 

Woy' = h om \x)W l . 

Since hoo is not divisible by Wo, the above equation is impossible. Q.E.D. 
Therefore, it follows that R o is divisible by h 00 and the following equation holds: 

R 00 = c(x)h m , 

where c(x) is a function of (x l ) alone. Derivating the above equation by y % and y J , we get 

(3.11) W i]]j + W jlli = 2c(x)h ij . 

Transvecting (3.11) by W l W j , we get W i \\ j W i W j = c(x)/ij 3 #W J ' and using h ij W i W j = 
\W\ 2 = 1 and Wi\\ r W l = 0, we obtain c(x) = 0. Therefore, it follows that the equality 

(3.12) Kij = 

holds good. Hence, we have that W is a Killing vector field. Therefore, we can state 

Lemma 2 If a Kropina space (M,a 2 /(3) is of constant curvature K, then 

(1) W(x) is a Killing vector field, 
and then 

(2) Killing part P^ = 0. 

Using (3.12), the equation (3.10) reduces to 

(3-13) (/ioo) 2 P( 5)i + Q( 9 ), = 

and we have the following equalities: 

(3.14) W i] \ j = S ij , S j = W i \\ j W i = 0, W \\ j = S 0j , Wi||o = Sio, W \\ = 0. 
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3.4 The vanishing part. 

In this subsection, we will show that the equality <5(g), = holds from the conclusion 
Roo = in the previous subsection. 

Using (3.12) and (3.14), the A's, B's, C's, D's, E's, H's and J's reduce to 

-4(i) : = -2iy l || , Bfo = -2W l \\ \\i, B\ 21)l = 2W t \\ W Q \\i, C\ Q)l = -2W l \\ h 

q u)I = 2W i ll0 W l , C\ 2l)l = -4^||o^, Dy = -2W* Mo , 

D\ 21)l = 2^no||o^ + 2W i l]0 W m , D\ Z2)l = -AW l im h oh E\ 0)l = W\ r W r \\ U 

E\ u)l = -AW\ r W r ^W h E\ 22)l = SW^iio^oh, + SWurWuoha, 

H\ m)rl = 2W i \\ r W l + 2^^*11,, H[ ll)rl = -AW r W% W h 

H\ l2)rl = -4(^^11, + W l llr h ol + W\\ Q h rl ), H[ 2l)rl = ±{W r W\\ h ol + horW'^Wt), 

J{ u)l = -AW'^W'woWt, J\ 22)l = SW'^W'^ho! + 8^|| ^|| , 

and the others are zero. Using the above equalities, we get 

2^(3i)2 _ 4£>( 31)/ - E( 31 y = 0, 2 J (41) , - £ (41) , - AD\ 41 )i = 

8-^(3) — 4-D(33), + 2J( 33 ), — £(33), = 0, 2 J( 42 ), + 8-B( 4 ) — 4D( 42 ), — £( 42 ), = 0, 

2 ^(51)i ~~ ^(51)1 = 0' ^ J( 43 ), - £( 43 ), = 0, 

2^(52)i ~ 4-D( 5 ), ~ ^(52)* = 0? 2 J( 61 ), — 4D( 6 ), — £| 61 ), = 0. 

Therefore, from Lemma 2, it follows 

Lemma 3 If a Kropina space (M, a 2 / (3) is of constant curvature K , then 

(1) vanishing part Qlyv = 0, 
and then 

(2) curvature part = 0. 

3.5 The curvature part. 

In this subsection, we will show that Lemma 3 implies that (M, h) is a Riemannian 
space of constant curvature K. 

Using the resuls given at the beginning of the previous subsection, we have 

-E\ Q)l -AK8\ = -AW l \\ r W r \\i-±K5 l h 

2J ( \ 1)Z - E[ n)l - AKWtf = -m\ v W r ^i-^KW iy \ 

&B\ l)l -AD\ l)l + 2j\ 12)l -E\ 12)l = -16^1,0111 + SW^iimo, 

-AD\ 2l)l + 8B l (21)l + 2J\ 22)l - E\ 22)l + 8Kh ol y l = -8lU l ||o||o^, + 8IU l || r W^|| /i , + 8Kh Ql y\ 

lQ h R oi + 8.B( 22 ), — 4£>(22)« + 2</(23)« — E(23)i = 16^-Ro Oh 

2^(32)* - 4/^(32), - £( 32) , = 16W l \\ \\ h Q i. 

Therefore, from (2) of Lemma 3 and the above equalities we have 

(3.15) ~P{ b)l = (M 2 W^||r^ r |K + K5\) + (/i o) 2 (^||r^ r ||o^ + KWtf) 

+2/ ioo (^o) 2 (2IU l ||o|| i - ^||,|| ) + 2/iooW (W*||o||oW, - IT ,| r IU r ||o/^ - #W) 
-A(W ) 3 ■ h Rj ol - 4(IU ) 2 ^||o||o^ = 0, 
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First, we consider the term (h o) 2 (W l \\ r W r \\ Wi + KWiy 1 ) which does not contain W . 
Taking into account that (h Q0 ) 2 is not divisible by W , the following equality must hold 
good 

(3.16) ^V^ r ||o^/ + KW x y { = Wotfix), 

where Ci l {x) are functions of (x l ) alone, must hold. Transvecting (3.16) by y l and dividing 
it by W , we get 

W'wrW^o + Ky^c^y 1 . 

Derivating it by y l , we have 

Substituting the above equality in (3.16), we get 

^Hr^HoWi + KWtf = WoiW 1 ^^ + K5\). 
Transvecting the above equality by W l , we get 

W'urWuo + Ky^KWoW', 
where we have used W l \\ r W r \\iW l = 0. Derivating the above equality by y l , we get 

(3.17) W\\ r W r \\i = KWiW 1 - Kb\. 
Substituting (3.17) in (3.15) and dividing it by 2W , it follows 

(3.18) K{h m ) 2 W x W l + /iooWo(2W < || ||, - W^*|| f || ) 

+M^||o||o^ - KWoW'hu) - 2(W ) 2 ■ h R l ol - 2W W t M0 h 0l = 0. 

Transvecting the above equality by h 0i , we get 

(3.19) W omo = K(h 00 W l -W h ol ). 
Using Wi\y + Wj\\i = and (3.19), we have 

(3.20) Wi|| ||o = -KihwWi - W h ol ). 
Derivating (3.19) by y\ we have 

Wiiimo + Wo||i||i = K(2h Qi W l - Wih ol - W h a ). 
From the above equality, we have 

(3.21) Wi N0 ||, = -Wi N ,||o - K(2h ol Wi - Wihoi - W h H ). 
Using (3.20) and (3.21), the equality (3.18) reduces to 

3M#W - KhuW - W l mo ) - 2W ( h Ro 0l + Ky*h ol - Kh 00 5\) = 0. 
Since h 00 is not divisible by W , it follows that the equality 

(3.22) h R i 0l + Khoiy 1 - Kh m 5\ = h 00 d\(x), 
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where d l i(x) are functions of (x l ) alone, must hold. Transvecting the above equality by y l , 
we get d\(x)y l = 0. Derivating the above equality by y l , we get d l i{x) = 0. Substituting 
it in (3.22), we get 

(3.23) h R Q \ l + Kh ol y l - Kh m 5\ = 0. 
We can rewrite the above equality as 

h Ro 0l = K{h m 5\-h m y l ). 
Derivating (3.23) by y j and y k , we get 

(3.24) h R/ kl + h R kjl = K{2h jk 5\ - h 3l 5\ - h^), 
and interchanging j and I, we obtain 

(3.25) h Ri kj + h R klj = K(2h lk 5 i j - h l3 5\ - h kj 8\). 
Subtracting (3.25) from (3.24), we get 

h R-i ki + 2 h R k ji — h R\ k j = 3K{hj k 5' l i — h k i5 l 3 ). 
Since the left-hand side of the above equality can be changed as follows: 

hrt 1 , r>h r> i h p * _ o h f? * h ~Q % h U % — O h U 1 _L^f? 1 — Q h f? * 

n j kl' Uk jl ~ Ul k 3 ~ Uk jl ~~ U j Ik _ Ul k 3 ~ Z Uk jl ' Uk jl ~ 6 Uk jli 

we obtain 

h Rkji = K(hj k 5\ — hk^j). 
This means that the Riemannian space (M, h) is of constant curvature K. 

Therefore, we obtain 

Theorem 2 Let M be an n(> 2) -dimensional Riemannian manifold. Put 

a = y 1 ai 3 \x)y' L yi and j3 = bi(x)y l . Let (M,a 2 /j3) be a Kropina space and define a new 

Riemannian metric h = hij{x)y l y^ and a vector field W with \W\ = 1 by (1.2) and 
(1.3). 

If the Kropina space (M, a 2 / (3) is of constant curvature K , then the vector field W is 
a Killing one and the Riemannian space (M, h) is of constant curvature K . 

3.6 The converse of Theorem 2. 

Let (M, a 2 / (3) be a Kropina space and define a new Riemannian metric h = y l h i j{x)y' l yi 
and a vector field W with \W\ = 1 by (1.2) and (1.3). Suppose that the vector field W is 
a Killing one and that the Riemannian space (M, h) is of constant curvature K. To prove 
that the Kropina space (M, a 2 / (3) is of constant curvature K, we have only to show that 
the equality (3.9) holds. 

Since the vector field W is a Killing one, we have R o = 0. Taking into account (2) 
of Lemma 2 and (1) of Lemma 3, the Killing part R and the vanishing part Q vanishes 
respectively. 

Therefore, we have only to show that the curvature part P? 5 y vanishes. At the rest of 
this subsection, we will prove it. The curvature part is defined by (3.15). 
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First, we give the following Lemma 4: 

Lemma 4 For a Killing vector field W = W l (d/dx % ) of constant length 

\W\ = 1, the equality 

(3.26) W Am = W r h R k r l3 
holds good. 

(Proof.) From the Ricci's formula, it follows 

(3.27) Wi||j||fc _ = ~W r h Ri jk . 

On the other hand, since W is a Killing vector field, we have 

Applying the /i-covariant derivative \\ k to the above equality, we get 

W i\\j\\k + w j\m = 0. 

Replacing i, j, k by j, k, i and k, i, j respectively, we obtain the following equalities: 

W0||k||» + Wfc||j||» = 0, 

w k\m + w m\j = °- 

Subtracting the second equality from the first equality and adding the third equality to 
it, we get 

(3.28) W iMk + W mij - W r h Rf ik - W r h R k \i = 0. 
From (3.27) and (3.28), we get 

2W iMk = ~W r H R i r jk + W r H Rf lk + W r h R k \ r 

Using the formula 

h-pr , ftp r _l_ h r> r _r> 
*H jk ' k i ' ij u ) 

we have 

2W iMk = Wr h Rf M + Wr h R k \ 3 + Wr h R 3 \ k + Wr h R k r i3 

= 2W r h R k r ij 
that is, (3.26) holds good. Q.E.D. 

From the assumption that the Riemannian space (M, h) is of constant curvature, we 
have 

(3.29) h R k r ji = K{h kj S r i -h ki S r j ). 
Using the above equality and (3.26), we get 

(3.30) W i Mk = K(6 i k W j -h kj W i ) 
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and from here and y 1 ^ = (See, Remark 1), it follows 

W^lion, = KfrWo-htoW'), 

(3.31) W^ioiio = KtfWo-hooW*), 

W\ m = KtfWi-haW*). 

From (3.29), we have 

(3.32) h R \ l = K{h m 5\ - h ol y l ) 

and applying the /i-covariant derivative \\i to the equality \W\ 2 = W r W s h rs = 1, we get 

W rlli W r = -Wi\\ r W r = 0. 
Furthermore, applying the /i-covariant derivative \\i to the above equality, we obtain 

From the above equality and (3.30), we have 

(3.33) Wi\\ r W r w = -W iMl W r 

= K(h lr Wi-h H W r )W r 
= KiW^-hu). 

Substituting the equalities (3.31)-(3.33) in (3.15), we can easily recognize the curvature 
part P( 5 ) = 0. Therefore, (3.9) holds good. Hence, from Proposition 2, we get 

Theorem 3 Let M be an n{> 2) -dimensional Riemannian space. Put a 



yja i j(x)y l y : > and (5 = bi(x)y l . Let (M,a 2 /j3) be a Kropina space and define a new Rie- 
mannian metric h = hij(x)y t y : > and a vector field W = W % (d/dx % ) of constant length 
\W\ = 1 by (1.2) and (1.3). 

If the vector field W = W t (d/dx t ) is a Killing one and the Riemannian space (M, h) 
is of constant curvature K, the Kropina space (M,a 2 /f3) is of constant curvature K. 

From Theorem 2 and Theorem 3, we have 

„2 



Theorem 4 Let (M, a 2 / (5) be an n(> 2) -dimensional Kropina space, where 

iij(x)y l y 3 , P = bi(x)y l and the matrix (a^) 



a 2 = aij(x)y l y J ' , (3 = bi(x)y l and the matrix (a^) is positive definite. For the Kropina 



space, we define a new Riemannian metric h = ^ hij(x)y l yi and a vector field W = 
W' l (d/dx' 1 ) of constant length \W\ = 1 on M by (1.2) and (1.3). 

Then, the Kropina space (M,a 2 /f3) is of constant curvature K if and only if the 
following conditions hold: 

(1) Wi\\j + Wj\\i = 0, that is, W = W\d/dx l ) is a Killing vector field. 

(2) The Riemannian space (M, h) is of constant curvature K . 

Let (M, F = a 2 / (5) be an n(> 2)-dimensional Kropina space. From Theorem 1, for 
this Kropina metric F = a 2 / (3, we can define a Riemannian metric h = ^Jh i j(x)y t y : > and 
a vector field W = W t (d/dx l ) of constant length 1 on M by (1.2) and (1.3). We suppose 
that the vector field W is a Killing one. Then, we have Roo = 0. From this assumption, 
we get the second equation of (3.14), that is, So = 0. Substituting R o = 0, So = and 
F = h 00 /(2W ) in (2.6), we obtain the equation ¥ = -FSV Substituing this in (2.4), 
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we get 

Theorem 5 Let (M, F = a 2 //3) be an n(> 2) -dimensional Kropina space. 

We define a Riemannian metric h = J hij(x)y l y'j and a vector field W = W % (d/dx % ) of 
constant length \W\ = 1 on (M,h) by (1.2) and (1.3). 

Suppose that the vector field W is a Killing one, then the coefficients G % of the geodesic 
spray of the Kropina space (M, a 2 / (5) is written as follows: 

(3.34) 2G l = Vo-2fS«o, 

where h lj k are Christoffel symbols of the Riemannian space (M, h) . 

Remark 2 The geodesic spray of the Randers space (M, a + 0) is given in 

the subsection 2.3 ([5] p. 5). Comparing to this, the geodesic spray of the Kropina space 
(M,F = a 2 /(3) is in a very simple form (3.33). 
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